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1. INTRODUCTION 
In this paper we shall consider the equation 
au a 
z=ax ( 1 k(u) g , 
in the domain 0 < x < co, t > 0, where k(u) > 0 for u > 0 and k(0) = 0. 
Thus, the equation is parabolic when u > 0, but it degenerates when u = 0. 
We shall assume, moreover, that k is a smooth function and that, for u > 0, 
R’(u) > 0 and k”(u) > 0. 
Equations of this kind occur, for instance, in the study of flows through porous 
media where K is a power of u [l]. 
It is known that (1) d oes not always possess a classical solution; in particu- 
lar, the transition from a region where u > 0 to one where u = 0 is not always 
smooth. One therefore must expect only solutions in some generalized sense. 
Oleinik, Kalashnikov, and Yui-Lin [2] have proved existence of suitably 
defmed generalized solutions and some regularity properties of these solutions 
have been proved by Aronson [I]. 
Here we shall be concerned with similarity solutions of (l), i.e., solutions 
of the form 
Us(% t> =.m 
where 7 = x(t + 1)-li2. Upon substitution into (1) it is found thatf(7) must 
satisfy the equation 
@(f)f’)’ + 8d’ = 0, O<T<co, (2) 
where the prime denotes differentiation. 
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Our purpose is to prove existence and uniqueness of a weak solution of (2) 
which satisfies the boundary conditions 
where A is a positive constant. By a weak solution we mean here a function 
f(y) satisfying the following conditions: 
(i) f is bounded, continuous and nonnegative on [0, 00); 
(ii) the function F(T), defined by 
F(y) = 1”“’ k(s) as; 0 
is continuously differentiable on [0, co); 
(iii) the identity 
holds for all + E C?(O, co), which vanish in a neighbourhood of r] = 0, as well 
as for large 7. 
Having proved existence and uniqueness of a weak solution, we derive a 
property of the point where the regions in which f 3 0 and f = 0 join. 
2. EXISTENCE OF A WEAK SOLUTION 
We shall prove the existence of a weak solution by the shooting method. 
That is, instead of considering the two-point boundary-value problem (2) 
and (3) we consider the initial value problem (2), 
f(0) = A, f ‘(0) = P. (4) 
By writing (2) and (4) in terms of F(v): 
F” + 2&) F’ = 0, o<rl<oo, 
F(0) = s” k(s) ds, F’(O) = 44) 6, 
0 
(f-3) 
where K(F) has been so defined that K(F) = k(f) for all 71 > 0, it is imme- 
diately seen that the initial value problem (2) and (4) has a unique solution 
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in a neighborhood of r) = 0, which can be uniquely continued as long as 
f > E > 0. E may be chosen arbitrarily small [3]. We shall show that there 
exists a /3, such that the solution of the corresponding initial value problem, 
f. , tends to zero as r) -+ a-(say) and that the function 
f (7) =fd?7h 0<77<4 
= 0, a<v<cx, 
is a weak solution. 
LEMMA 1. Letf(T) b e a solution of the initial value problem (2) and (4) such 
that, at a point r] = Q , (i) f (q-J > 0 and (ii) f -%f’ + 4~ = 0. Then f > 0 
andf -lkf’ + +I > 0 for 17 > v,, . 
Proof. Integration of Eq. (2) from Q, to 7 > Q, yields, using condition (ii) 
f (4 (f -‘kf’ + 47) = S j.‘ f d. % 
Suppose f = 0 for some 7 > r], . Let 7 = vi be the first zero, i.e., f (7) > 0 
on ho 9 71) and 
5 
'If ds > 0. 03) 
WI 
It follows from (7) that 
f-‘kf’ + rl > 0, when 70 G? < 71. 
Moreover, by a standard uniqueness argument, f’ < 0 and hence 
f -%f’ + IBM < &I < h when 71~ < ?I < rll. 
Next we let 7 tend to vi in (7). As f -‘kf’ + +v remains bounded, we obtain 
0 = 4 j”f ds, 
‘)o 
which contradicts (8). Therefore f > 0, and hence, by (7), f -lkf’ + 47 > 0 
for 7 > r], . 
Remark. It is worth noting that if f > 0 on (0, co), f must be bounded 
away from zero. For suppose lims+m f (7) = 0. Because k( f )If < K’(A) this 
implies that there exists a point rlo > 0 at which f-lkf’ + ho = 0. If we 
now integrate (2) from 7 > Q, to co we obtain 
k(f )f’ = t Jrn ~09 d.s < &I j?‘(s, ds = - &f(v) 
I) $ 
which contradicts the last statement of Lemma 1. 
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In view of the frequency with which the combination f-lkf’ + 4~ occurs, 
we shall henceforth write it as m(q), i.e., 
m(q) -f-lkf’ + &/. 
We shall denote by Sf the set of numbers {/3} such that the initial value 
problem (2) and (4) h as a solution which remains positive for all 0 < 7 < co. 
By S-we shall denote the set (p} such that the problem (2) and (4) has a 
solution which satisfies the conditions: 
(i) There exists a number a > 0 such that lim,,,-f(q) = 0; 
(ii) k(A)/3 + $s,“f ds < 0. 
Clearly the sets S+ and S- are disjoint. 
LEMMA 2. Let /3 E S-. Then m(7) < 0 and f’ < 0 on [0, a). 
Proof. Suppose m(9) > 0 for some 7. Then, because 
m(O) = A-‘k(A)/3 < 0, 
there exists a number ;i > 0 such that m(;i) = 0. As f(Fj) > 0, /3 $ S- by 
Lemma 1, which contradicts the assumption p E S-. Hence, m(v) < 0 on 
[0, a). To show that f’ < 0 we write Eq. (2) in the form 
kf” +f’(k’f’ + 47) = 0, (2’) 
where K’ denotes differentiation with respect to its argument f. Because 
K” > 0, k’ >, f -1k. Therefore, remembering that f’ < 0, 
K’f’ + i$T <f-‘kf’ + 4, <0 (9) 
and, using Eq. (2’), f” < 0. 
LEMMA 3. Let PI > j?2 and f12 E S-. If fi and fi are the solutions with 
initiaZ data (A, &) and (A, j$), respectively, then f;(q) > f;(T) on [0, as), where 
a2 is the zero offi( 
Proof. Integration of Eq. (2) from 0 to q < a2 yields, for fi and fi , 
k(fi)fi’ + bfi = k(A) /% + 4 /:fi ds, i = 1,2. 
Suppose there exists an f > 0 such that fl'(ij) = f;(q) and fi’ > fi on 
[0, ii). Then fi > fi on [0, +j) and 
ik(fi) - k(fiNfi’(~) + ti(fi -fi) = k(A) (A - r’%) + 4 1: (fi - fi) ds > 0. 
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Hence, for some 0 E [ fa , f;l, 
( fl - fd w(e) f2w + 4% > 0 
and, as fi - fi > 0, 
Wfqf,‘(?i) + &j > 0. 
But, because k” 3 0, k’(B) >, k’(fa) and 
wJ>f2’(+j> + t+j < qfJf2w + 67, < m(;i) < 0 
as fis E S- and we have a contradiction. Hence fi’ > fi’ on [0, aa). 
LEMMA 4. The sets S+ and S- are nonempty. 
Proof. It is obvious that 0 E S+. We shall show that 
p. = - A/(2k(A))‘/” E s-. 
m(O) = K(A) j?,, < 0 and suppose there exists an ~a such that m(~) = 0 and 
m(q) < 0 on [0, Q). It follows then, as in the proof of Lemma 2, that 
f" < 0 on [O, Q). Therefore 
f (4 < A + PO% 0 <7 <To. 
As f > 0, this implies v. < - A/&. 
Integration of Eq. (2) yields 
$$f (7) m(7) = WA) PO + 8 (Of ds 
d h(A) ,&, + 4 /iA”’ (A + Pas) ds 
= - $A(~Iz(A))~/~. (10) 
Thus, as f < A, lim,,+nO m(7) < - $(2k(A))li2, which contradicts the 
assumption that m -+ 0 as 7 + 71~ . This implies that lim,,,-f(7) = 0 for 
some a < {2h(A)>-1/2 and that, using (lo), PO E S-. 
LEMMA 5. The sets S+ and S- are open. 
Proof. Let S,+ be the set of numbers {/3} such that the initial value prob- 
lem (2) and (4) h as a solution f > l/n for all 7 > 0. Then S,,+ is open because 
the second term in (5) is now Lipschitz continuous in any bounded interval. 
As S = (Jzzl Snf, S+ is open as well. 
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Let /3 E Sp and letf be the solution of the problem with initial data (A, p). 
Let g be the solution with inital data (A, y). We shall show that for / /3 - y / 
sufficiently small y E S-. 
By Lemma 3, if y < p, y E S-. We may therefore assume that y > /X 
As /? E S- there exists an a > 0 such thatf(a) = 0 and 
Hence 
k(A)p++jafds=-s<o. 
0 
Wg’ + &g = 44 Y + ?t- j:g ds 
= k(A) (y - P) + 4 jr (g -f) ds - 8. 
By Lemma 3, 
Therefore, 
and 
Thus, 
0 d g - f -=c g(a) -fW = g(a) = h 
J 
a 
o (g -f) ds < ah. 
kg’ + iah < k(A) (y - p> + &zh - 6 < - 4s 
if we choose (y - /I) and h sufficiently small. It follows that 
and, as k’ > h-r12 and k” 2 0, 
g’ < 
ah + 6 ah + 6 
--K-7-. 2hk (A) 
Hence - g’ can be made arbitrarily large by choosing h small. By an argu- 
ment which is identical to the one used to prove Lemma 4, it can be shown 
that for - g’ sufficiently large there exists a number b > 0 such that 
$p(rl) = 0 and k(A)y+$j’gds<O. 
0 
As h can be made small by choosing y - j3 small, we can thus ensure that 
y E s-. 
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THEOREM 1. The problem (2) and (3) has a weak solution. 
Proof. By Lemma 5 both Sf and S- are open. As they are disjoint there 
must be numbers /3 which belong to neither Sf nor S-. Let fi be such a 
number and let f be the solution of the initial value problem with initial 
data (A, p). Th en because p $ Sf, and in view of the remark following 
Lemma 1, there exists a number a > 0 such that lim,,,J(~) = 0. But 
/3 + S-, and therefore, 
k(A) /3 + 4 j’f ds 3 0. 
0 
If the inequality sign holds, there must exist a number ;i E (0, a) where 
k(A)/?+4 j’fds=O 
0 
and therefore f (3) m(;i) = 0. As f (+j) > 0, m(q) = 0 and by Lemma 1, 
/I E Sf. Because this is not the case we must have equality. 
Thus, we have proved the existence of a function f such that 
and 
hrr-F’(T) = Jim- kf’ = k(A) ,8 + 4 1” f ds = 0. 
0 
(11) 
If we continue this function for 7 > a by f = 0, and hence F = 0, we have 
constructed a function which satisfies the conditions of a weak solution. 
3. UNIQUENESS 
We shall use the shooting method again to show that the problem (2) and 
(3) has a unique weak solution. Let f (7) and g(v) be solutions of the initial 
value problem with initial data (A, /I) and (A, y), and let /3 $ Sf u S-. We 
shall show that if y > /3, y E Sf and if y < p, y E S-. Because the initial value 
problem has a unique solution, it follows that the problem (2) and (3) has a 
unique solution. 
(1) Y >B* 
If y 3 0, then it is clear that y E S+. We may therefore assume that y < 0. 
Let f (7) tend to zero as 77 --+ a- , and therefore 
k(A) ,8 + & j’f ds = 0. 
0 
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k(g)g'+&zg=k(A)y+$jagds 
0 
and therefore 
k(g) g’ + hg = 44 (Y - B> + t jl” k - f ) ds. 
As g > f on [0, a] (see Lemma 3), this implies 
k(g) g’ + tag > 0. 
It follows that there must exist an ?/ E (0, a) where 
k(g) g’ + 43-g = 0. 
As g(;i) > 0, it follows by Lemma 1, that y E S+. 
By a slight modification of Lemma 3 it follows that g <f. Hence, there 
exists a b > 0 such that g(T) -+ 0 as 7 + b- and 
Wy+-i jbgd~=W)(y-B)+kj’(g-f)Wj:fds<O. 
0 0 
Therefore y E S-. 
Thus we have proved: 
THEOREM 2. The weak solution of problem (2) and (3) is unique. 
4. BEHAVIOUR OF f’ AS f-+0 
In Section 2 we have constructed a weak solution of the problem (2) and (3) 
out of two parts. Between 7 = 0 and r) = a it consisted of a monotonically 
decreasing function, and for 7 = a it consisted of the function f = 0. The 
following theorem provides some information about how the two parts join 
UP* 
THEOREM 3. Let f (7) be the weak solution of the problem (2) and (3) and let 
lim,,,- f (q) = 0. Then if limf,,+ k’(f) = k’(0) > 0, 
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and if hl k’(f) = 0, 
lim f’(q) = - co. 
?pW- 
Proof. Integration of the equation yields 
kf’ + hf = k(A) B + B j;f ds, 
--8 
j ‘f & 
O<q<a, 
n 
where we have used (11). We now divide by f (77): 
f-lkf’ + +j = - hf -%> JIf ds. 
Because, f’ < 0, we have 
whence 
0 <f-W l’f (4 ds < a - rl, 
v 
lim [f-lkf’] + &a = 0. 
v-a- 
The theorem now follows at once. 
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